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We prove that every Borel bimeasurable mapping can be decomposed to a σ -discrete
family of extended Borel isomorphisms and a mapping with a σ -discrete range. We get
a new proof of a result containing the Purves and the Luzin–Novikov theorems as a by-
product. Assuming an extra assumption on f , or that Fleissner’s axiom (SCω2) holds, we
characterize extended Borel bimeasurable mappings as those extended Borel measurable
ones which may be decomposed to countably many extended Borel isomorphisms and a
mapping with a σ -discrete range.
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1. Introduction
We are investigating the properties of those (extended) Borel measurable mappings f : X → Y between complete metric
spaces X and Y which map (extended) Borel subsets of X to (extended) Borel subsets of Y . Such mappings are called Borel
(or extended Borel) bimeasurable. The strongest property of such mappings, which we are going to mention, is that there
are extended Borel sets X0, X1, . . . which form a partition of X such that f (X0) is σ -discrete and each restriction f |Xn is
an injection for n = 1,2, . . . . In particular, we get that the set of y ∈ Y with f −1(y) uncountable is σ -discrete. However,
we can deduce the existence of such a countable decomposition of f under an extra assumption that f “preserves almost
σ -discretely decomposable families” (see the deﬁnition below), or under an additional axiom of Fleissner [1]. Further, we
prove within ZFC the existence of a σ -discrete decomposition of all (extended) Borel bimeasurable mappings only. Namely,
we prove the existence of a σ -discrete set S ⊂ Y and a σ -discrete family D of extended Borel subsets of X such that⋃D = X \ f −1(S) and f |D is an extended Borel isomorphism for every D ∈ D. In particular, the set of y ∈ Y with f −1(y)
not σ -discrete is σ -discrete. The main problem whether the existence of the stronger countable decomposition can be
proved in ZFC remains open.
Finally, under the same additional assumptions, we get the existence of decompositions of extended Borel measurable
mappings, which map closed sets to extended Borel ones, to countably many mappings with compact ﬁbres and one with a
σ -discrete range. The existence of the analogical σ -discrete, or even countable, decomposition for all such mappings in ZFC
remains open.
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218 P. Holický / Topology and its Applications 156 (2008) 217–226In the case of separable complete metric spaces X and Y , the existence of the countable decomposition of Borel bimea-
surable mappings follows from well-known results of Purves [15] and of Luzin and Novikov (see, e.g., [14, Theorem 18.10]).
Our proof of Theorem 3.1 below gives an alternative proof of these classical results.
Similar characterizations of Borel measurable mappings which map closed sets to Borel sets, between separable complete
metric spaces, follow from a theorem of Arsenin and Kunugui (see, e.g., [14, Theorem 35.46]), a theorem of Saint Raymond
(see [16]), and a theorem of Holický and Zelený (see [12]).
We recall some notions ﬁrst.
A subset D of a metric space T is discrete if every point in T has a neighbourhood which contains at most one point
of D . A subset S ⊂ T is σ -discrete if D =⋃n∈N Dn , where each Dn is discrete.
Similarly, discrete and σ -discrete families of sets are deﬁned. The family D of subsets of a metric space X is discrete if
every x ∈ X has a neighbourhood which meets at most one D ∈ D. It is metrically discrete (or, Δ-discrete for Δ > 0) if the
same is true with the neighbourhoods of a ﬁxed radius (or, of radius Δ, respectively) not depending on x ∈ X . The family
D is σ -discrete if D =⋃n∈NDn , where each Dn is discrete. An indexed family {Da}a∈A of subsets of X is discrete if each
x ∈ X has a neighbourhood which meets Da for at most one index a ∈ A. The deﬁnitions of metric discreteness and σ -
discreteness of indexed families are analogical. It is not diﬃcult (cf., e.g., [4, Lemma 2]) to check that if {Da}a∈A is a discrete
indexed family, then there are relatively closed subsets Da(n), n ∈ N, covering Da such that each {Da(n)}a∈A is metrically
discrete. A family {Da}a∈A is σ -discretely decomposable (we write also σ -d.d.) if there are Da(n), a ∈ A, n ∈ N, such that
Da =⋃n∈N Da(n) for every a ∈ A and {Da(n)}a∈A is discrete (this deﬁnition is introduced and discussed in [4]; note that
one may equivalently replace discrete by metrically discrete). We may observe easily that a σ -d.d. family {Da}a∈A can be
decomposed to sets Da(n), a ∈ A, n ∈ N, as in the deﬁnition, so that each Da(n) is relatively closed in Da . We use also a
slightly modiﬁed notion of almost σ -discretely decomposable families (we abbreviate it to almost σ -d.d. families), introduced
and studied in [8]. A family {Da}a∈A is almost σ -d.d. in X if there is a σ -discrete set S in X such that the family {Da \ S}a∈A
is σ -d.d.
A family D of subsets of X is point-countable, or point-ﬁnite, if each x ∈ X belongs to at most countably many D ∈ D,
or ﬁnitely many D ∈ D, respectively. For indexed families the same notions are related to countability or ﬁniteness of the
corresponding sets of indices. A family N of subsets of X is a network of an (indexed) family D if every D ∈ D is the union
of {N ∈ N : N ⊂ D}. It is not diﬃcult to observe that an indexed family is σ -d.d. if and only if it is point-countable and it
has a σ -discrete network (cf. a similar remark in [2, Proposition 1.3(a)]).
The σ -ﬁeld of extended Borel subsets of a metric space X is the smallest σ -ﬁeld of subsets of X which contains Borel
sets and which is closed with respect to the unions of discrete families (see, e.g., [7]). Thus it contains the σ -ﬁeld of all
Borel sets and it coincides with it if X is separable. We use the notation BX and EX for the σ -ﬁelds of Borel and extended
Borel sets in X , respectively.
A mapping f : X → Y between metric spaces is Borel measurable, or extended Borel measurable, if f −1(B) is Borel, or
extended Borel, in X for every Borel, or extended Borel, subset B of Y , respectively. We say that f : X → Y is extended
Borel bimeasurable if f is extended Borel measurable and if f (B) is extended Borel for every extended Borel subset B
of X . We deﬁne Borel bimeasurable mappings similarly. We abbreviate Borel measurable, or extended Borel measurable, to
B-measurable, or E-measurable, respectively. An injective (extended) Borel bimeasurable mapping is called an (extended)
Borel isomorphism.
Remark 1.1. The notion of extended Borel measurable mappings was introduced by Hansell (see, e.g., [7]) for mappings
f : X → Y with f −1(G) extended Borel for every open G . We shall recall in Proposition 1.9(a) below that it coincides with
our deﬁnition if X is a Suslin subset of a complete metric space.
We denote by πX , or πY , the projection mapping of X × Y onto X , or Y , respectively. A subset S of a metric space X is
Suslin if it is a projection πX (F ) of a closed set F ⊂ X ×NN . Let us recall (see, e.g., [5, Theorem 4.15, Corollary 4.11] together
with [6, Theorem 3.1], or just [3, Corollary 1.4.1]) that extended Borel sets coincide with bi-Suslin sets, i.e., Suslin sets with
Suslin complements, in complete metric spaces.
A family A of subsets of a metric space X is called extended Borel (or Borel, Suslin, . . .) additive if the union of each
subfamily of A is extended Borel (or Borel, Suslin, . . . , respectively).
Every disjoint Suslin additive family of subsets of a complete metric space has a σ -discrete network by [4, Theorem 2].
We recall now an improvement of this Hansell’s result by Kaniewski and Pol [13, Theorem 1] which we are going to use at
some place in its full strength. Let us recall that under axioms (SCω2) and (∀SS ) of Fleissner [1], completeness of X may
be omitted in these statements, but this is not the reason why we use Fleissner’s results later.
Theorem 1.2 (Kaniewski, Pol). Every point-ﬁnite Suslin additive family in a complete metric space is σ -discretely decomposable.
A family A of subsets of a metric space X is called hereditarily EX -additive if
⋃{BA: A ∈ A} ∈ EX for every choice of
BA ⊂ A, A ∈ A, such that BA ∈ EA . Note that in particular each A ∈ A belongs to EX .
We need another corollary of Hansell’s result on Suslin additive families.
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consisting of extended Borel subsets of X .
Proof. Let ≺ be an arbitrary well-ordering of A. Put BA = A \⋃{B: B ≺ A, B ∈ A} for A ∈ A. As A is EX -additive, both
A and the union are in EX . Thus BA ⊂ A is in EX for every A ∈ A. Obviously, {BA: A ∈ A} is a disjoint reﬁnement of A.
By our assumption it is EX -additive and by Theorem 1.2 it has a σ -discrete decomposition. By our observation behind the
deﬁnition of σ -d.d. families, we may suppose that the elements of the σ -discrete decomposition are extended Borel. Then
they form a σ -discrete reﬁnement of A. Taking a well-ordering of it and subtracting the union of the predecessors from
each element, we get a disjoint σ -discrete reﬁnement of A by elements of EX . 
Remark 1.4. Let us note that using the corollary it is not diﬃcult to prove that a family A of subsets of a complete metric
space X is hereditarily EX -additive if and only if each family B = {BA: A ∈ A}, with BA ∈ EA , has a σ -discrete reﬁnement
by elements of EX .
The proof of Theorem 1.2 in [13], or of [4, Theorem 2], implies immediately the following corollary (cf. [4, Corollary 3]),
which was known already as a result of El’kin or Stone before.
Corollary 1.5. Let S ⊂ X be Suslin in the complete metric space X which is not σ -discrete. Then S contains a homeomorphic copy of
the Cantor set.
We shall need the following fact in Section 2.
Lemma 1.6. Let {Ya: a ∈ A} be a hereditarily EY -additive family in a complete metric space Y . Then the family {Y F :=⋂a∈F Ya: F ∈[A]<ω} is hereditarily EY -additive.
In particular, given an extended Borel subset Z F of Y F for every ﬁnite F ⊂ A, the family {Z F : F ∈ [A]<ω} has a disjoint σ -discrete
reﬁnement consisting of extended Borel subsets of Y .
Proof. To prove the ﬁrst statement, it is clearly suﬃcient to prove that the family An := {Y F : F ∈ [A]n} is hereditarily
EY -additive for every n = 0,1, . . . . We shall prove it by induction. Since the case n = 0 is trivial, suppose that it holds for
some n = 0,1, . . . . Let Z F ⊂ Y F be in EY for every F ∈ [A]n+1. Denote ZE = {ZE∪{b}: b ∈ A \ E} for every E ∈ [A]n . Now the
union WE =⋃ZE is in EY since ZE∪{b} is an extended Borel subset of Yb for every b ∈ A \ E and the family {Ya: a ∈ A}
is hereditarily additive (we may consider the empty subset of Yb for b ∈ E). Since WE ⊂ YE , it follows from the induction
hypothesis that
⋃{WE : E ∈ [A]n} =⋃{Z F : F ∈ [A]n+1} is in EY , and the ﬁrst statement is proved.
Now, having extended Borel sets Z F ⊂ Y F for every F ∈ [A]<ω , the family {Z F : F ∈ [A]<ω} is hereditarily EY -additive by
the ﬁrst statement, and thus it has a disjoint σ -discrete reﬁnement by EY sets due to Corollary 1.3. 
A mapping f : X → Y between metric spaces preserves (almost) σ -d.d. families if { f (Da)}a∈A is (almost) σ -d.d. for every
(almost) σ -d.d. family {Da}a∈A . We make a few simple observations.
Lemma 1.7. Let f : X → Y be a mapping between metric spaces X and Y .
(a) Then f preserves σ -d.d. families, or almost σ -d.d. families if and only if, for an open base B of X , { f (B)}B∈B is σ -d.d., or almost
σ -d.d., respectively.
(b) Then f preserves almost σ -d.d. families if and only if there is a σ -discrete set S in Y such that the restriction of f to X \ f −1(S)
preserves σ -d.d. families.
Proof. To proof (a) suppose ﬁrst that f preserves (almost) σ -d.d. families. Taking any σ -discrete open base B of X we get
that { f (B)}B∈B is (almost) σ -d.d. by our assumption.
Let B be an open base and f (B) =⋃n∈N f (B)(n), where each indexed family { f (B)(n)}B∈B is discrete. To show that f
preserves σ -d.d. families it clearly suﬃces to show that the image of any metrically discrete family {Da}a∈A is σ -d.d. Let the
distance of every two distinct elements of {Da}a∈A be greater than δ > 0. Deﬁne f (Da)(n) = f (Da)∩⋃{ f (B)(n): B∩Da 	= ∅,
diam B < δ}. It is not diﬃcult to verify that f (Da)(n), n ∈ N and a ∈ A, form a σ -discrete decomposition of { f (Da)}a∈A .
Hence f preserves σ -d.d. families.
Let us suppose that { f (B)}B∈B is almost σ -d.d. for an open base B of X , i.e., that there is a σ -discrete set S ⊂ Y such that
the family { f (B) \ S}B∈B is σ -d.d. As {B \ f −1(S): B ∈ B} is an open base of X \ f −1(S) and { f (B \ f −1(S))}B∈B is σ -d.d.,
the restriction of f to X \ f −1(S) preserves σ -d.d. families by the preceding paragraph. Let {Aa}a∈I be any almost σ -d.d.
family. Let D be such a σ -discrete set in X that the family {Aa \ D}a∈I is σ -d.d. Then { f (Aa \ (D ∪ f −1(S))}a∈I is σ -d.d.
Using that f restricted to X \ f −1(S) preserves σ -d.d. families again, we get that {{ f (d)}}d∈D\ f −1(S) is σ -d.d., i.e., the set
f (D) \ S is σ -discrete. So T = f (D)∪ S is the σ -discrete set for which { f (Aa) \ T }a∈I is σ -d.d., and so { f (Aa)}a∈I is almost
σ -d.d.
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to a σ -discrete base B of X . Let S ⊂ Y be a σ -discrete set such that { f (B) \ S: B ∈ B} is σ -d.d. Since {B ∩ f −1(S): B ∈ B}
is an open base of X \ f −1(S), the mapping f restricted to X \ f −1(S) preserves σ -d.d. families by (a). 
We shall need the following properties of extended Borel subsets of complete metric spaces.
Lemma 1.8. Let E be an extended Borel subset of a complete metric space X.
Then there is a sequence of partitions Pk, k ∈N, of E such that:
(a)
⋃
k∈NPk ⊂ EX ;
(b) the diameter of P is at most 1k for P ∈ Pk;
(c) each Pk is σ -metrically discrete;
(d) Pk+1 reﬁnes Pk;
(e)
⋂
k∈N Pk is nonempty (thus a singleton) in E if Pk ∈ Pk form a centered sequence of nonempty sets (i.e., P1 ∩ · · · ∩ Pk 	= ∅, or,
equivalently here, ∅ 	= Pk+1 ⊂ Pk for k ∈N).
Proof. Let ϕ : F ⊂ DN → E be a continuous injective mapping of a closed subset F of DN onto E which preserves σ -d.d.
families. The existence of such a parametrization is proved in [7, Theorem 5.6], see also [3, Lemma 2.2(a), Proposition 3.2(a)],
where other characterizations can be also found.
Let Ik = {{(dn) ∈ DN: (d1, . . . ,dk) = (e1, . . . , ek)}: (e1, . . . , ek) ∈ Dk} and Qk = {ϕ(I): I ∈ Ik}. Then each Qk is σ -d.d.,
consists of extended Borel sets by [7, Theorem 5.6] again, and it has the property (e) required on the partitions Pk , k ∈N.
Using the existence of a σ -discrete cover of E by open sets of diameter less than 1k (we use here the paracompactness
of E), we get easily a σ -discrete partition Rk of E by Borel sets (even by differences of open sets) of diameter less than 1k .
Deﬁning
Pk = {Q ∩ R ∩ P : P ∈ Pk−1, R ∈ Rk, Q ∈ Qk},
we get the required sequence of partitions Pk . (We remark that our sequence of partitions is not necessarily point-Luzin in
the sense of [3] but it has some other properties not required in [3, Theorem 3.6.1]. In fact, we could ﬁnd the partitions Pk
so that they would have all these properties in the same time but we do not need it.) 
We summarize other needed and more or less known facts on extended Borel measurability in the following proposition.
Proposition 1.9. Let f : S ⊂ X → Y be such that the preimages of open sets in Y are extended Borel in S, where X and Y are complete
metric spaces and S is a Suslin subset of X . Then the following hold:
(a) The preimages of all extended Borel sets in Y are extended Borel in S, i.e., f is extended Borel measurable.
(b) The mapping f is an extended Borel isomorphism of S onto f (S) if and only if it is injective and it preserves σ -discretely decom-
posable families.
(c) The graph of f is extended Borel in S × Y .
(d) The projection mapping πX : X × Y → X restricted to the graph G of f is an extended Borel isomorphism of G onto S.
(e) The projection mapping πY : X × Y → Y restricted to the graph G of f is extended Borel bimeasurable if and only if f is extended
Borel bimeasurable.
Proof. The ﬁrst claim (a) can be proved as follows. Consider the family {E ⊂ Y : E is extended Borel in Y , f −1(E) is extend-
ed Borel in S}. The family contains open sets, it is closed with respect to the unions and intersections of countable families.
Finally, it is closed with respect to the unions of discrete families. Indeed, if {Ea: a ∈ A} is a discrete family of extended
Borel sets with extended Borel preimages f −1(Ea) in S , then the family { f −1(Ea): a ∈ A} is disjoint and Suslin additive in
the complete metric space X . Thus it has a σ -discrete network, by Theorem 1.2 recalled above, which can be chosen so that
its elements are extended Borel in S (by our remark about relatively closed Ea(n) in Ea). Then also f −1(
⋃{Ea: a ∈ A}) is
extended Borel.
The statement (b) can be found as [7, Theorem 6.7] and the statement (c) is proved, e.g., in [7, Lemma 6.4].
Now we prove (d). Theorem 1.2 (or [4, Theorem 2] again) implies that the multivalued mapping f −1 preserves σ -d.d.
families (it is suﬃcient to check images of discrete families of closed sets under f −1). [7, Lemma 6.2] (or see also
[2, Lemma 2.5 and Proposition 1.2]) says that the projection πX restricted to the graph of f preserves σ -d.d. families. Fi-
nally, we may use (b) since πX is continuous, and so extended Borel measurable, and injective.
It remains to note that (e) is an immediate consequence of (d). 
We conclude the introduction by two auxiliary results which enable to reduce some nonseparable problems to simpler
ones. They are both corollaries of [11, Theorem 3.2], where they more or less implicitly appeared (cf. the proofs of [11,
Theorem 4.1 and Proposition 5.2]). We use the notation H y = {x ∈ X: (x, y) ∈ H} for a set H ⊂ X × Y and y ∈ Y .
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the following assertions hold:
(a) There is an extended Borel set H ⊂NN× Y , and an extended Borel isomorphism Ξ of H onto G such that Ξ maps each H y ×{y},
y ∈ Y , onto G y × {y}.
(b) There is an extended Borel set H ⊂NN × Y , and an extended Borel bimeasurable mapping Ξ of H onto G such that Ξ maps each
H y × {y}, y ∈ Y , onto G y × {y}, each restriction Ξy of Ξ to H y × {y} is continuous, and the inverse images of compact sets in
G y × {y} under Ξy are compact for y ∈ Y .
Note that in both cases we get extended Borel bimeasurable mapping Ξ of H onto G which preserves the second
coordinate. When restricted to H y × {y} for a ﬁxed y ∈ Y , it is injective in the ﬁrst case (a), and it is continuous and the
inverse images of compact sets are compact in the latter case (b). In particular, the restrictions of Ξ to y-sections of H map
compact sets to compact sets and inverse images of compact sets are compact. This is the property which we shall need
later.
Proof. The mentioned theorem [11, Theorem 3.2] says in particular:
Claim. Let D be a discrete metric space and G0 ⊂ DN × Y be closed. Suppose that πY |G0 preserves σ -d.d. families. Then there exists a
mapping Ψ0 : G0 →NN × Y such that:
(i) Ψ0 is extended Borel measurable,
(ii) Ψ0 preserves σ -d.d. families,
(iii) πY (Ψ (x, y)) = {y} for every (x, y) ∈ G0 , and
(iv) Ψ0|Gy0×{y} is a homeomorphism for every y ∈ Y .
To prove (a), we use the fact that X is the image of a closed subset F of DN for some discrete space D under a continuous
one-to-one mapping ϕ : F → X which preserves σ -d.d. families (see [7, Theorem 5.6]). We use that the composition of
ϕ × id (here id stands for the identity mapping on Y ) with the projection of G to Y preserves σ -d.d. families (see, e.g.,
the reasoning in the just quoted paper). Applying the above recalled Claim to G0 = (ϕ × id)−1(G) ⊂ DN × Y , we get a Ψ0
as above. We put Ξ = (ϕ × id) ◦ Ψ −10 and H = Ψ0(G0). It has the required properties. In particular, it is an extended Borel
isomorphism because both, ϕ × id and Ψ0, are extended Borel isomorphisms by Proposition 1.9(b).
To prove (b), we use ﬁrst [11, Lemma 5.3] to get a continuous mapping ϕ of a closed subset F of the countable product
DN of a discrete metric space D onto X which preserves σ -d.d. families and which is such that the inverse images of
compact sets are compact. Then we proceed as in the proof of (a). 
2. σ -discrete decomposition of Borel bimeasurable mappings
Theorem 2.1. Let X and Y be complete metric spaces, E be an extended Borel subset of X , and f : E → Y be an extended Borel
bimeasurable mapping. Then there is a σ -discrete subset S of Y and there is a σ -discrete partition D ⊂ EX of E \ f −1(S) such that
f |D is an extended Borel isomorphism for every D ∈ D.
We prove this theorem at the end of this section. The following characterization of extended Borel bimeasurable map-
pings follows immediately from Theorem 2.1.
Corollary 2.2. Let X and Y be complete metric spaces, E be an extended Borel subset of X , and f : E → Y be an extended Borel
measurable mapping. Then f is extended Borel bimeasurable if and only if
(a) there is a σ -discrete subset S of Y and there is a σ -discrete partition D ⊂ EX of E \ f −1(S) such that f |D is an extended Borel
isomorphism for every D ∈ D, and
(b) { f (D)}D∈D is hereditarily EY -additive.
Proof. Let f be extended Borel bimeasurable. By Theorem 2.1 the condition (a) is fulﬁlled. Since D is a σ -discrete family
of extended Borel subsets of X , it is hereditarily EX -additive and (b) follows using the bimeasurability of f .
Let (a) and (b) be satisﬁed and B ⊂ E be extended Borel in E (equivalently, in X ). Then f (B) = ( f (B)∩ S)∪⋃{ f (D ∩ B):
D ∈ D}. Since each f |D : D → Y is an extended Borel isomorphism, each f (B ∩ D) is extended Borel in Y . Using (b), we get
that f (B) is extended Borel in Y . 
To prove Theorem 2.1, we shall need some notation. We consider a ﬁxed f : E → Y from the statement of Theorem 2.1
and we use G to denote the graph of f .
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diameter of each element of Pk is less than 1k , Pk reﬁnes Pk−1, and ∅ 	=
⋂∞
k=0 Pk X×Y ⊂ G whenever Pk ∈ Pk form a
nonincreasing (equivalently, centered) sequence of nonempty sets. Such partitions exist due to Lemma 1.8. (We include P0
for purely formal reasons.)
We use the notation UX×Y for the family of all sets U ∈ EX×Y such that the cardinality of U y is at most one. In other
words, each such U can be identiﬁed with an extended Borel graph of a mapping from Y to X .
Deﬁnition 2.3. We say that C ∈ [P]<ω is small if there are a σ -discrete set S ⊂ Y and a σ -discrete family G ⊂ UX×Y such
that
(∀y ∈ Y )
[
y ∈ S or (∃C ∈ C) C y × {y} ⊂
⋃
G
]
.
Lemma 2.4. Let C ∈ [P]<ω be small. Then there are SC and GC as in the above deﬁnition such that moreover, GC =⋃{GCC : C ∈ C},
U ⊂ C for every U ∈ GCC , and {SC} ∪ {πY (
⋃GCC ): C ∈ C} forms a partition of⋂{πY (C): C ∈ C}.
Proof. Let S and G be as in the deﬁnition of a small C . By Proposition 1.9(e) all the projections πY (C) (C ∈ C) as well as
their (ﬁnite) intersections are in EY . Put SC = S ∩⋂{πY (C): C ∈ C}. For every C ∈ C the set YC = {y ∈ Y : C y × {y} ⊂⋃G}
is in EY . Indeed, its complement πY (C \⋃G) is in EY by Proposition 1.9(e) again. Now let C1, . . . ,Cn be all pairwise distinct
elements of C . Put
Y ′Ck =
((
YCk \
⋃
{YCl : l < k}
)
∩
⋂{
πY (C): C ∈ C
}) \ SC .
Finally, we deﬁne
GCCk =
⋃{
U ∩ Ck ∩π−1Y
(
Y ′Ck
)
: U ∈ G}, k = 1, . . . ,n. 
Remark 2.5. In particular, GCC covers C y × {y} for every y ∈ πY (
⋃GCC ).
We show in the next lemma that a pair S and G , which appears in the deﬁnition of a small family of subsets of the
graph G , can be chosen universal which means that it is the same for all small families C ∈ [P]<ω .
Lemma 2.6. There are a σ -discrete set S ⊂ Y and a σ -discrete family G ⊂ UX×Y such that for every small C ∈ [P]<ω
(∀y ∈ Y )
[
y ∈ S or (∃C ∈ C) C y × {y} ⊂
⋃
G
]
.
Proof. Let us ﬁx P ∈ P and consider all C ∈ [P]<ω containing P . Given C ∈ C0 = C \ {P } deﬁne
Z PC0 =
{⋂
C∈C0 πY (C \
⋃GC) ∩πY (P ) if C is small, and
∅ if C is not small.
The family {πY (C): C ∈ P \ {P }} is hereditarily EY -additive since P is σ -discrete, consists of EX×Y sets, and πY re-
stricted to G is E-bimeasurable by Proposition 1.9(e). Similarly, each Z PC0 is an extended Borel subset of the intersection⋂{πY (C): C ∈ C0} for C0 ∈ [P \ {P }]<ω}. By Lemma 1.6, {Z PC0 : C0 ∈ [P \ {P }]<ω} has a σ -discrete reﬁnement RP by
nonempty extended Borel subsets of Y . Let us choose for every R ∈ RP , C P0 (R) ∈ [P \ {P }]<ω such that R ⊂ Z PCP0 (R) . Neces-
sarily, C P (R) := C P0 (R) ∪ {P } is small. Deﬁne
S P :=
⋃
R∈RP
SC
P (R) ∩ R
and
GP :=
⋃
R∈RP
{
U ∩π−1Y (R) ∩ P : U ∈ GC
P (R)}.
Then the set S P is σ -discrete in Y and the family GP is σ -discrete in X × Y because RP is σ -discrete in Y and GCP (R) is
σ -discrete in X × Y .
In this way we have chosen Z PC\{P } , RP , C P0 (R), S P , GP for every P ∈ P .
Put S =⋃{S P : P ∈ P} and G =⋃{GP : P ∈ P}. Then G is clearly σ -discrete in X × Y since each U ∈ GP is a subset of P ,
and P is σ -discrete. Since S P = πYπ−1Y (S P ∩ P ), the family {S P : P ∈ P} is hereditarily EY -additive and it has a σ -discrete
reﬁnement. Since each S P is σ -discrete, it is not diﬃcult to check that also S is σ -discrete.
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C∈C πY (C), then y ∈ Z PC\{P } for P ∈ C . Thus there is R ∈ RP such that y ∈ R ⊂ Z PCP0 (R) by the above choice of C
P
0 (R). Then
either y ∈ R ∩ SCP (R) ⊂ S or P y ⊂ (⋃GCP (R))y ⊂ (⋃G)y . This proves that C is small “due to” S and G . 
To use the just found “universal” S and G to the main step of our construction, we need to make one more observation.
Lemma 2.7. Let Q ⊂ G be in EX×Y . Then the set U = {y ∈ Y : card(Q y) = 1} is in EY .
Proof. We clearly have that Y \ U = {y ∈ Y : y /∈ πY (Q ) or card(Q y)  2}. Since πY (Q ) is in EY by Proposition 1.9(e), it
remains to show that the set T = {y ∈ Y : card Q y  2} is in EY .
Let B denote a σ -discrete base of X . Then y ∈ T if and only if there are disjoint elements B1 and B2 of B such that
Q y ∩ Bi 	= ∅ for i = 1,2. We use the notation TB = f (B) ∩ πY (Q ), B ∈ B, and note that the indexed family (TB : B ∈ B)
is hereditarily EY -additive. Thus, by Lemma 1.6, also the family (TB1 ∩ TB2 : Bi ∈ B) is hereditarily EY -additive. We put
TB1,B2 = TB1 ∩ TB2 if B1, B2 ∈ B and B1 ∩ B2 = ∅, and TB1,B2 = ∅ if B1, B2 ∈ B and B1 ∩ B2 	= ∅. As (TB1 ∩ TB2 : Bi ∈ B) is
hereditarily EY -additive, the union T =⋃{TB1,B2 : B1, B2 ∈ B} is in EY . 
Lemma 2.8. Let S and G be as in Lemma 2.6. If C is not small, then there are two distinct points y0, y1 /∈ S such that, for every
i ∈ {0,1} and every C ∈ C , the set (C yi × {yi}) \⋃G contains at least two elements.
Proof. Let us suppose that C is not small and the set
T =
{
y ∈ Y : (∀C ∈ C) card
((
C y × {y}) \⋃G)> 1}
is σ -discrete. So for every y ∈ Y \ T there is C ∈ C such that card((C y × {y}) \ G)  1. Then, by Lemma 2.7, the sets
YC = {y ∈ Y : card((C \⋃G)y) = 1}, C ∈ C , are extended Borel in Y . We have that
(∀y /∈ T ) (∃C ∈ C) (C y × {y}) \ (⋃G ∪⋃{GC : C ∈ C}
)
= ∅,
where GC = π−1Y (YC ) ∩ C . Since T is σ -discrete and
⋃G ∪⋃{GC : C ∈ C} is a σ -discrete family of elements of UX×Y , we
proved that C is small, which is a contradiction. This means that T is not σ -discrete and so it contains at least two distinct
points y0 and y1 which do not belong to S . 
We say that a ﬁnite set C = {C1, . . . ,Cp} of ﬁnite families Ci ⊂ P , i = 1, . . . , p, is admissible if the sets ⋃{πY (C): C ∈ Ci},
i = 1, . . . , p, are pairwise disjoint and, for every i ∈ {1, . . . , p}, the sets πX (C), C ∈ Ci , are also pairwise disjoint.
To prove Theorem 2.1 we shall consider particular admissible families which we call admissible families of order n for
n = 0,1, . . . . By that we mean admissible families C(n) consisting of 2n “columns” Ci , i = (i1, . . . , in) ∈ {0,1}n , each consist-
ing of 2n distinct elements {C ji: j = ( j1, . . . , jn) ∈ {0,1}n}. We say that an admissible family C(n+1) = {{C ji: j ∈ {0,1}n+1}:
i ∈ {0,1}n+1} of order n+ 1 is an admissible extension of a C(n) as above if C j1,..., jn+1i1,...,in+1 ⊂ C
j1,..., jn
i1,...,in
for every i1, . . . , in+1, j1, . . . ,
jn+1 ∈ {0,1}.
Proof of Theorem 2.1. Let the statement of Theorem 2.1 be false. Then C(0) = {{G}} is an admissible family of order zero
which is not small. We shall prove by induction that there is a sequence of admissible families C(n) and an increasing
sequence of natural numbers kn ∈ {0,1, . . .} for n = 0,1, . . . such that
(i)
⋃C(n) ⊂ Pkn ,
(ii) C(n) is of order n,
(iii) C(n+1) is an admissible extension of C(n) , and
(iv) each Ci ∈ C(n) , i ∈ {0,1}n , is not small.
We have {P0} = {{G}} = C(0) and we put k0 = 0. Suppose that we have n ∈ {0,1, . . .}, an admissible family C(n) = {Ci:
i ∈ {0,1}n}, and kn ∈ {0,1, . . .}, where each Ci = {C ji: j ∈ {0,1}n} is a subfamily of Pkn which is not small.
By Lemma 2.8 there are, for every i, j ∈ {0,1}n and i, j = 0,1, distinct points
yi,0, yi,1 /∈ S, (1)
and distinct points
xj, j ∈ ((C j)yi,i × {yi,i}) \⋃G. (2)i,i i
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⋂{πY (C): C ∈ Ci1,...,in }, the set {yi: i ∈ {0,1}n+1} consists of 2n+1 distinct
elements. For every ﬁxed i ∈ {0,1}n+1 the set {xji: j ∈ {0,1}n+1} contains 2n+1 distinct elements because the pairs of distinct
points x j1,..., jn,0i and x
j1,..., jn,1
i are chosen so that the elements of such different pairs belong to different elements of the
family Ci1,...,in , which have discrete projections to X by admissibility of Ci1,...,in . Thus there is a positive δ > 0 such that the
distance of every two yi1,...,in+1 ’s in Y is greater than δ and, for every two different (n+ 1)-tuples j ∈ {0,1}n+1, the distance
of the corresponding xji ’s in X is greater than δ. Let us choose kn+1 > kn such that
1
kn+1 <
δ
2 . Given i, j ∈ {0,1}n+1, there is
C ji ∈ Pkn+1 such that(
xji, yi
) ∈ C ji ⊂ C j1,..., jni1,...,in . (3)
In particular,
(
C ji
)yi 	= ∅. (4)
We put Ci = {C ji: j ∈ {0,1}n+1} and C(n+1) = {Ci: i ∈ {0,1}n+1}. Note that the choice of δ and kn+1 together with (i)–(iv)
ensure that C(n+1) is admissible. Then C(n+1) is an admissible extension of C(n) by (3). Let Ci be small for some i ∈ {0,1}n+1.
Then due to (1), (2), and (4), S and G do not prove the smallness of Ci , which is a contradiction with Lemma 2.6. So
C(n+1) = {Ci: i ∈ {0,1}n+1} (and kn+1) is an admissible extension with the required properties.
Having this we realize that all C j1,..., jni1,...,in ’s are nonempty, and the equality {h(i, j)} =
⋂{C j1,..., jni1,...,in : n ∈ N} deﬁnes a contin-
uous mapping of {0,1}N × {0,1}N to G since C j1,..., jni1,...,in , n ∈ N, form a decreasing sequence of subsets of G with diameters
tending to zero and the intersection is a singleton in G (since we chose Pk ’s following Lemma 1.8). As the sets C j1,..., jni1,...,in for
a ﬁxed n ∈ N were chosen to form an admissible family, their closures in X × Y are disjoint and h is a homeomorphism
of the compact set {0,1}N × {0,1}N onto a subset C of the graph G of f . Moreover, the images of (i, j)’s with the same i
have the same projection y(i) to Y , which follows since
⋂{πY (C): C ∈ Ci1,...,in } 	= ∅ for every n by the property (iv) above.
On the other hand, y(i) 	= y(i′) for i 	= i′ follows from the admissibility of each C(n) . So πY (h(i, j)) depends only on i and
can be written in the form hY (p1(i, j)), where p1 : {0,1}N × {0,1}N → {0,1}N is the projection on the ﬁrst coordinate and
hY is a homeomorphism of {0,1}N onto πY (C). It is well known (see, e.g., [14]) that there is a Gδ set B ⊂ {0,1}N × {0,1}N
such that its projection P = p1(B) to the ﬁrst coordinate is not Borel in {0,1}N . Since {0,1}N is separable, P is not extended
Borel. Now, since πX restricted to C is a homeomorphism of the compact set C = h({0,1}N × {0,1}N) ⊂ G onto a compact
subset of X , the set B ′ = πX (h(B)) is a Gδ set in X . In the same time, f (B ′) = πY (h(B)) = hY (p1(B)) = hY (P ) is not Borel
in Y , which is a contradiction with our assumptions on f . 
3. Countable decompositions of Borel bimeasurable mappings
We get the following characterization of those E-bimeasurable mappings which preserve almost σ -d.d. families as a
consequence of several known results.
Theorem 3.1. Let X and Y be complete metric spaces and f : E ⊂ X → Y be an extended Borel measurable mapping of an extended
Borel set E in X to Y . Then the following are equivalent:
(a) f is extended Borel bimeasurable and f preserves almost σ -d.d. families.
(b) f (B) is extended Borel for every Gδ subset B of E and f preserves almost σ -d.d. families.
(c) {y ∈ Y : f −1(y) is not countable} is σ -discrete and f preserves almost σ -d.d. families.
(d) There are pairwise disjoint extended Borel subsets E0, E1, . . . of X such that E =⋃∞n=0 En, f (E0) is σ -discrete, and f |En is an
extended Borel isomorphism for every n ∈N.
Proof. The implication (a) ⇒ (b) is obvious.
To prove the implication (b) ⇒ (c) we observe ﬁrst that due to Lemma 1.7, used with X = E , we may assume without
loss of generality that f preserves σ -d.d. families by the replacement of f by its restriction to E \ f −1(S). Now, due to
[3, Theorem 5.3], or [11, Theorem 6.1], the set U = {y ∈ Y : f −1(y) is not countable} is Suslin. Assuming that it is not
σ -discrete, we ﬁnd a homeomorphic copy of the Cantor set CY ⊂ U due to Corollary 1.5. The inverse image f −1(CY ) is
necessarily separable since, for every discrete set D ⊂ f −1(CY ), the family {{ f (d)}}d∈D is σ -d.d. in CY . Finally, we use [12,
Luzin–Purves theorem].
Let (c) be satisﬁed. Let S be a σ -discrete subset of Y such that f |E\E0 preserves σ -d.d. families, where E0 = f −1(S). It
exists by Lemma 1.7(b). To prove (d), it remains to decompose the restriction of f to E \ E0. Thus we may assume without
loss of generality that f preserves σ -d.d. families. The graph G of f is extended Borel measurable by Proposition 1.9(c).
Using Lemma 1.10(a), we ﬁnd an extended Borel isomorphism Ξ of an extended Borel set H ⊂ NN × Y onto G such that
Ξ preserves the second coordinate. We apply [9, Theorem 3.1], with X and Y interchanged, to the set H and get extended
Borel graphs Hn , n ∈N, of some mappings from Y to NN such that H =⋃n∈N Hn . The sets Gn = Ξ(Hn) are extended Borel
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Borel in E , and thus in X , since πX : G → E is an extended Borel isomorphism by Proposition 1.9(d). Now fn = f |En is an
extended Borel isomorphism and E =⋃n∈N En . Replacing each En by En \⋃n−1k=1 Ek , we get the required partition.
If (d) holds then the ﬁrst part of (a) is also obvious. The second part of (a) follows from Proposition 1.9(b). 
We show now that, under the additional axiom (SCω2) of Fleissner (see [1]), we may get from Fleissner’s results a
complete analogy of the classical results of Luzin, Novikov, and Purves which characterize Borel bimeasurable mappings
between Polish spaces. Let us point out that the axiom (SCω2) is consistent with ZFC if the existence of a supercompact
cardinal is consistent with ZFC by [1, Theorem 5.3]. In fact, we use [8, Theorem 2(a)] which says that under (SCω2) the
following is true.
Let f map a metric space X onto a metric space Y , f map each discrete set in X to a σ -discrete set in Y . Then f preserves almost
σ -d.d. families.
This enables to formulate Theorem 3.1 under (SCω2) in the following form.
Theorem 3.2 (Assuming (SCω2)). Let X and Y be complete metric spaces and f : E ⊂ X → Y be an extended Borel measurable
mapping of an extended Borel set E in X to Y . Then the following are equivalent:
(a) f is extended Borel bimeasurable.
(b) f (B) is extended Borel for every Gδ subset B of E.
(c) {y ∈ Y : f −1(y) is not countable} is σ -discrete and f preserves almost σ -d.d. families.
(d) There are pairwise disjoint extended Borel subsets E0, E1, . . . of X such that E =⋃∞n=0 En, f (E0) is σ -discrete, and f |En is an
extended Borel isomorphism for every n ∈N.
Proof. Due to Theorem 3.1, the only new nontrivial implication is (b) ⇒ (c). If D is discrete in E , then every its subset is
Gδ in E . So every subset of f (D) is extended Borel, thus Suslin, in Y . Using Corollary 1.5 we get that f (D) is σ -discrete,
and by [8, Theorem 2(a)] recalled above, we get that f preserves almost σ -d.d. families. To get (c) we may use now the
implication (b) ⇒ (c) of Theorem 3.1. 
We are also going to prove similar characterizations of extended Borel measurable mappings which map closed sets to
extended Borel sets. This is a weaker form of bimeasurability than that studied above. It turned out to be related to classical
results of Arsenin and Kunugui, and of Saint Raymond, on sets with σ -compact ﬁbres, as mentioned in the introduction
(cf. [12]).
Theorem 3.3. Let X and Y be complete metric spaces and f : E ⊂ X → Y be an extended Borel measurable mapping of an extended
Borel set E in X to Y . Then the following are equivalent:
(a) f (B) is extended Borel for every closed subset B of E and f preserves almost σ -d.d. families.
(b) {y ∈ Y : f −1(y) is not σ -compact} is σ -discrete and f preserves almost σ -d.d. families.
(c) There are extended Borel subsets E0, E1, . . . of X such that E = ⋃∞n=0 En, f (E0) is σ -discrete, and f |En maps closed sets to
extended Borel sets, and f |En has compact ﬁbers ( f |En )−1(y), y ∈ Y , for every n ∈N.
Proof. The implication (a) ⇒ (b) follows from [11, Theorem 6.2].
Let (b) be satisﬁed. Let S be a σ -discrete subset of Y such that f |E\E0 preserves σ -d.d. families, where E0 = f −1(S). It
exists by Lemma 1.7(b). To prove (c), it remains to consider the restriction of f to E \ E0. Thus we may assume without loss
of generality that f preserves σ -d.d. families. The graph G of f is extended Borel measurable by Proposition 1.9(c). Using
Lemma 1.10(b), we ﬁnd an extended Borel bimeasurable Ξ of an extended Borel set H ⊂ NN × Y onto G which preserves
the second coordinate such that its restriction to each H y × {y} maps compact sets to compact sets (it is continuous) and
the inverse images, under this restriction, of compact sets are compact sets. We apply [10, Theorem 3.1], with X and Y
interchanged, to the set H , and get extended Borel sets Hn ⊂ NN × Y , n ∈ N, such that each H yn is compact and such that
H = ⋃n∈N Hn . The sets Gn = Ξ(Hn) are extended Borel with compact ﬁbers Gyn and they cover the graph G of f . The
projections En = πX (Gn) are extended Borel in E by Proposition 1.9(d), and thus in X , since E is extended Borel. Now each
fn = f |En has compact ﬁbers. If F ⊂ En is closed, then f |En (F ) = πY (Gn ∩π−1X (F )) is extended Borel by [11, Theorem 6.2].
If (c) holds then the ﬁrst part of (a) is also obvious. The second part of (a) holds since, for every discrete family
{Da: a ∈ A} of closed subsets of Gn , the family {πY (Da)}a∈A is Suslin additive and point-ﬁnite in Y , and so it is σ -d.d.
by Theorem 1.2. 
We may also restate Theorem 3.3 under (SCω2) as follows.
Theorem 3.4 (Assuming (SCω2)). Let X and Y be complete metric spaces and f : E ⊂ X → Y be an extended Borel measurable
mapping of an extended Borel set E in X to Y . Then the following are equivalent:
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(b) {y ∈ Y : f −1(y) is not σ -compact} is σ -discrete and f preserves almost σ -d.d. families.
(c) There are extended Borel subsets E0, E1, . . . of X such that E =⋃∞n=0 En, f (E0) is σ -discrete, f |En maps closed subsets of En to
extended Borel subsets of Y , and the ﬁbers ( f |En )−1(y), y ∈ Y , are compact for every n ∈N.
Proof. The only new nontrivial implication is (a) ⇒ (b). If D is discrete in E , then every subset of D is closed in E . So
every subset of f (D) is extended Borel, thus Suslin, in Y . Using Corollary 1.5 we get that f (D) is σ -discrete, and by
[8, Theorem 2(a)] recalled above we get that f preserves almost σ -d.d. families. To get (c) we may use now the implication
(a) ⇒ (b) of Theorem 3.3. 
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